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Exercise 10.4

Problem: 1(vii) ∫
2x+ 3

x3 − x
dx

Solution:

Step1: Partial Fraction

2x+ 3

x3 − x
=

2x+ 3

x(x2 − 1)

=
2x+ 3

x(x+ 1)(x− 1)

∴
2x+ 3

x3 − x
≡

A

x
+

B

x+ 1
+

C

x− 1
. . . (1)

Multiplying both side by x and taking limit x → 0

lim
x→0

[
2x+ 3

x3 − x
× x

]
= lim

x→0

[
A

x
× x

]
+ lim

x→0

[
Bx

x+ 1

]
+ lim

x→0

[
cx

x− 1

]

or, lim
x→0

[
2x+ 3

x(x+ 1)(x− 1)
× x

]
= lim

x→0
A+ 0 + 0

or, lim
x→0

[
2x+ 3

(x+ 1)(x− 1)

]
= A

or,A = lim
x→0

[
2x+ 3

(x+ 1)(x− 1)

]
or,A =

2× 0 + 3

(0 + 1)(0− 1)

∴A = −3

Similarly, myltiplying both side of (1) by (x+ 1) and
taking limit x → −1

B =
1

2

and, myltiplying both side of (1) by (x− 1) and
taking limit x → 1 will be found C = 5

2
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Exercise 10.4

2x+ 3

x(x+ 1)(x− 1)
=

−3

x
+

1

2

1

x+ 1
+

5

2

1

x− 1

Step 1: Partial Fraction (Short Method)

2x+ 3

x(x+ 1)(x− 1)
=

2× 0 + 3

x(0 + 1)(0− 1)

+
2× (−1) + 3

(−1)(x+ 1)(−1− 1)

+
2× 1 + 3

1(1 + 1)(x− 1)

=
−3

x
+

1

2

1

x+ 1
+

5

2

1

x− 1

Step 2: Integration

I =

∫
2x+ 3

x(x+ 1)(x− 1)
dx

=

∫ (−3

x
+

1

2
×

1

x+ 1
+

5

2
×

1

x− 1

)
dx

=

∫ −3

x
dx+

∫ 1
2

x+ 1
dx+

∫ 5
2

x− 1
dx

= −3

∫
1

x
dx+

1

2

∫
1

x+ 1
+

5

2

∫
1

x− 1
dx

= −3 lnx+
1

2
ln(x+ 1) +

5

2
ln(x− 1) + c
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Exercise 10.4

Problem 2(v): ∫
2x+ 3

x3 + x2 − 2x
dx

Solution:

Step 1: Partial Fraction

2x+ 3

x3 + x2 − 2x
=

2x+ 3

x(x2 + x− 2)

=
2x+ 3

x(x2 + 2x− x− 2)

=
2x+ 3

x(x(x+ 2)− 1(x+ 2)

=
2x+ 3

x(x+ 2)(x− 1)

≡
2× 0 + 3

x(0 + 2)(0− 1)

+
2× (−2) + 3

(−2)(x+ 2)(−2− 1)
+

2× 1 + 3

1(1 + 2)(x− 1)

2x+ 3

x3 + x3 − 2x
=

− 3
2

x
+

1
6

x+ 2
+

5
3

x− 1

Step 2: Integration

Let, I =

∫
2x+ 3

x3 + x2 − 2x
dx

=

∫ (− 3
2

x
+

1
6

x+ 2
+

5
3

x− 1

)
dx

=

∫ − 3
2

x
dx+

∫ 1
6

x+ 2
dx+

∫ 5
3

x− 1
dx

=
−3

2

∫
1

x
dx+

1

6

∫
1

x+ 2
dx+

5

3

∫
1

x− 1
dx

=
−3

2
lnx+

1

6
ln(x+ 2) +

5

3
ln(x− 1) + c
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Exercise 10.4

Problem 3(iii):∫
x

(x− 1)2(x+ 2)
dx

Solution:

Step 1: Partial Fraction

x

(x− 1)2(x+ 2)
≡

A

x− 1
+

B

(x− 1)2
+

C

x+ 2
. . . (1)

Multipling both side of (1) by (x− 1)2 and taking
limit x → 1,

lim
x→1

[
x(x− 1)2

(x− 1)2(x+ 2)

]
= lim

x→1

[
A(x− 1)2

(x− 1)

]
+ lim

x→1

[
B(x− 1)2

(x− 1)2

]
+ lim

x→1

[
C(x− 1)2

x+ 2

]

⇒ lim
x→1

[
x

x+ 2

]
= lim

x→1
[A(x− 1)] + lim

x→1
[B]

+ lim
x→1

[
C(x− 1)2

x+ 2

]
⇒

1

1 + 2
= B

∴ B =
1

3

Short Method:(Applicable for B and C only)

B =
1

(x− 1)2(1 + 2)
=

1

3

C =
−2

(−2− 1)2(x+ 2)
=

−2

9

Putting x = 0 on the both side of (1),

0 = A+B +
C

2
∴ A = −

2

9
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Exercise 10.4

Step 2: Integration

Let,I =

∫
x

(x− 1)2(x+ 2)
dx

=

∫ ( − 2
9

x− 1
+

1
3

(x− 1)2
+

− 2
9

x+ 2

)
dx

= −
2

9

∫
1

x− 1
dx+

1

3

∫
1

(x− 1)2
dx−

2

9

∫
1

x+ 2
dx

= −
2

9
ln(x− 1) +

1

3

(x− 1)−2+1

−2 + 1
−

2

9
ln(x+ 2) + C

= −
2

9
ln(x− 1)−

1

3

1

x− 1
−

2

9
ln(x+ 2) + C
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Exercise 10.4

Problem 4(iii) :∫
x+ 2

(1− x)(x2 + 4)
dx

Solution:

Step1: Partial Fraction

x+ 2

(1− x)(x2 + 4)
≡

A

1− x
+

Bx+ C

x2 + 4
. . . (1)

multiplying both side of (1) by (1− x) and taking
limit x → 1,

lim
x→1

[
(x+ 2)(1− x)

(1− x)(x2 + 4)

]
≡ lim

x→1

[
A(1− x)

(1− x)

]
+ lim

x→1

[
(Bx+ c)(1− x)

x2 + 4

]
⇒ lim

x→1

[
x+ 2

x2 + 4

]
≡ lim

x→1
[A] + lim

x→1

[
(Bx+ c)(1− x)

(x2 + 4)

]

⇒
1 + 2

12 + 4
≡ A+ 0

∴ A =
3

5

Now, multiplying both side of (1) by x and taking
limit x → ∞ ,

lim
x→∞

[
(x+ 2)x

(1− x)(x2 + 4)

]
≡ lim

x→∞

[
Ax

1− x

]
+ lim

x→∞

[
(Bx2 + cx)

x2 + 4

]
⇒ 0 ≡ −A+B

∴ A = B =
3

5

Note:You can use short method (See Problem 1(vii))
for finding ’A’
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3
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(x+ 2)x
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Ax
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(Bx2 + cx)

x2 + 4

]
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∴ A = B =
3

5

Note:You can use short method (See Problem 1(vii))
for finding ’A’
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Exercise 10.4

Again, put x = 0 in (1),

0 + 2

(1− 0)(02 + 4)
=

A

1− 0
+

B × 0 + C

02 + 4

⇒
1

2
= A+

C

4

⇒
1

2
=

3

5
+

C

4

∴ C =
−2

5

Step 2: Integration

Let,I =

∫
x+ 2

(1− x)(x2 + 4)
dx

=

∫ ( 3
5

1− x
+

3
5
x− 2

5

x2 + 4

)
dx

=

∫ 3
5

1− x
dx+

∫ 3
5
x− 2

5

x2 + 4
dx

=
3

5

∫
1

1− x
dx+

∫ 3
5
x

x2 + 4
dx+

∫ − 2
5

x2 + 4
dx

= −
3

5
ln(1− x) +

3

5

∫ 1
2
× 2x

x2 + 4
dx−

2

5

∫
1

x2 + 22
dx

= −
3

5
ln(1− x) +

3

5
×

1

2
× ln(x2 + 4)−

2

5
×

1

2
arctan

x

2

= −
3

5
ln(1− x) +

3

10
ln(x2 + 4)−

1

5
arctan

x

2
+ c
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Exercise 10.4

Problem 5(i): ∫
2x+ 1

(2x+ 3)2
dx

Solution:

Step 1: Partial Fraction

2x+ 1

(2x+ 3)2
≡

A

(2x+ 3)
+

B

(2x+ 3)2
. . . (1)

Short Method:

B =
2× −3

2
+ 1

1
= −2

Putting x = 0 in (1),

2× 0 + 1

(2× 0 + 3)2
=

A

2× 0 + 3
+

−2

(2× 0 + 3)2

1

9
=

A

3
−

2

9

∴ A = 1

Step 2: Integration

Let,I =

∫
2x+ 1

(2x+ 3)2
dx

=

∫ (
1

(2x+ 3)
−

2

(2x+ 3)2

)
dx

=

∫
1

2x+ 3
dx−

∫
2

(2x+ 3)2
dx

=
1

2
ln(2x+ 3)− 2×

1

2
×

(2x+ 3)−2+1

−2 + 1

=
1

2
ln(2x+ 3) +

1

2x+ 3
+ C
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4(x− 2)
−

3

4(x+ 2)

)
dx

=

∫
dx+

∫
3

4(x− 2)
dx−

∫
3

4(x+ 2)
dx

= x+
3

4
ln(x− 2)−

3

4
ln(x+ 2) + C
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Exercise 10.4

Problem 6(iv): ∫
x2 − 1

x2 − 4
dx

Solution:

Step 1: Partial fraction

x2 − 1

x2 − 4
=

x2 − 4 + 3

x2 − 4

=
x2 − 4

x2 − 4
+

3

x2 − 4

= 1 +
3

(x+ 2)(x− 2)

= 1 +
3

(2 + 2)(x− 2)
+

3

(x+ 2)(−2− 2)

[Short Method]

= 1 +
3

4(x− 2)
−

3

4(x+ 2)

Step 2: Integration

Let,I =

∫
x2 − 1

x2 − 4
dx

=

∫ (
1 +

3

4(x− 2)
−

3

4(x+ 2)

)
dx

=

∫
dx+

∫
3

4(x− 2)
dx−

∫
3

4(x+ 2)
dx

= x+
3

4
ln(x− 2)−

3

4
ln(x+ 2) + C
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Exercis 10.4

Problem 7: ∫
1

e2x − ex
dx

Solution:

Let,I =

∫
1

e2x − ex
dx

=

∫
1

e2x(1− e−x)

=

∫
e−2x

1− e−x
dx

Let, u = 1− e−x

∴ du = e−xdx

I =

∫
e−xe−x

1− e−x
dx

=

∫
1− u

u
du

=

∫ (
1

u
− 1

)
du

I = lnu− u

= ln(1− e−x)− (1− e−x)

= ln(1− e−x) + e−x + C
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THE END


